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SOME STABILITY RESULTS IN PROJECTIVE TENSOR
PRODUCTS
ERSIN KIZGUT AND MURAT YURDAKUL
Abstract. Let (E,F ) be a pair of Fréchet spaces. In this paper, we discuss
whether a certain property P enjoyed by both E and F is also satisfied by the
complete tensor product E⊗̂piF . Specifically we focus on the two properties
generalizing Köthe spaces: the normability condition called the property (y),
and the property of smallness of bounded subsets of Fréchet spaces up to a
complemented Banach subspace in connection with the problem of topologies
of A. Grothendieck. We also consider the stability of some well known equiva-
lences of operator classes with an application in the problem whether the sum
of complemented subspaces is also complemented.
1. Introduction
The theory of tensor products of Fréchet and (DF)-spaces was treated by A.
Grothendieck [10], [11] in connection with the properties of functions spaces like
sequence spaces, distributions and solution spaces of certain partial differential
equations, spaces of analytic functions, infinitely differentiable functions from ab-
stract considerations. The importance of knowing the structure of bounded subsets
in the projective tensor product of two Fréchet spaces lies in the effective role of
tensor products as a tool for function spaces. In this manner, Grothendieck posed
three conjectures including the problem of topologies. It asked whether, for every
pair (E,F ) of Fréchet spaces, every bounded subset B of E⊗̂piF is contained in a
bounded set of the form Γ(C⊗D), for some bounded set C in E and some bounded
set D in F . Grothendieck showed that the answer is positive if E is nuclear, or if
E is a Köthe echelon space of order 1. The problem of topologies was answered
negatively by Taskinen in [21] where the following terminology was also introduced:
A pair of Fréchet spaces (E,F ) is said to satisfy the property (BB) if the problem
of topologies of Grothendieck has a positive answer for the pair (E,F ). For fur-
ther reading of the property (BB), see [2], [6]. In this paper, we investigate the
stability of certain properties in Fréchet spaces generalizing Köthe spaces. For a
comprehensive survey browsing studies having similar aspects, see [4, §6]. In Sec-
tion 2 we prove that the smallness of bounded subsets of Fréchet spaces up to a
complemented Banach subspace is stable under the formation of projective tensor
products as an application of the property (BB). In Section 3 we investigate the
stability of some normability conditions on Fréchet spaces under projective tensor
products. These are countable normability, asymptotic normability, and the prop-
erty (y), which is enjoyed by all Köthe spaces admitting continuous norm. The last
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section is devoted to the stability of equivalence of operator classes. One of these
equivalences is the significant one L(E,F ) = LB(E,F ) which means that every
continuous linear operator defined on E into F is bounded. We show that this
relation is stable under projective tensor products. Moreover, we also prove that
the relation LB(E,F ) = Ls(E,F ) which implies every bounded operator defined
on E into F is strictly singular is also tensor stable. As an application of this result,
we investigate the problem when the sums of complemented subspaces are comple-
mented in projective tensor products of locally convex spaces (lcs). Throughout,
every operator is assumed continuous and linear. We denote F ≤ E if F is an
infinite dimensional closed subspace of E. Every subspace will be assumed infinite
dimensional and closed.
2. The SCBS property
In [8] it is shown that in terms of Köthe spaces, an isomorphism of spaces E1 ×
E2 ≃ F1 × F2 satisfying L(E1, F2) = LB(E1, F2) and L(E2, F1) = LB(E2, F1) also
implies an isomorphism of Cartesian factors (except for some complemented Banach
subspace). In the latter smallness up to a complemented Banach subspace was
emphasized to be indispensible. A lcs E with fundamental system of semi-norms
(pk(·))k is said to have the property of smallness up to a complemented Banach
subspace (SCBS) if for each bounded subset B of X , for any k0 and for every ε > 0
there exist complementary subspaces X and Y in E such that X is a Banach space,
and B ⊂ X + εUk0 ∩ Y . In [1] it is proved that certain generalized Köthe echelon
spaces, some quasinormable Fréchet spaces, and strong duals of some asymptotically
normable Fréchet spaces have this property, while the reflexive, quasinormable, non-
Montel, primary Fréchet space ℓp+ := ∩q>pℓ
q [17], which has no infinite dimensional
Banach subspace, fails it. Hence SCBS property is neither hereditary nor passes
to quotients. Every Köthe space satisfies SCBS property. Some of the results in
[8] assuming Köthe spaces were re-stated under SCBS assumption. The projective
tensor product of two Köthe spaces is still a Köthe space [16]. The following result
is on the projective tensor products of Fréchet space with SCBS property.
Theorem 1. Let (E1, E2) be a pair of Fréchet spaces satisfying SCBS property. If
(E1, E2) satisfies property (BB), then E := E1⊗̂piE2 satisfies SCBS property.
Proof. Let Ei, i = 1, 2 be Fréchet spaces having the SCBS property with funda-
mental systems of seminorms | · |in such that (E1, E2) satisfies the property (BB).
Let ε > 0, and let pu := pu1n,u2n = pu1n ⊗ pu2n = pu1npu2n [13, Proposition 15.1.5]
be the gauge functional of U := Γ(U1n ⊗ U2n), where Uin ∈ U (Ei). Take any
bounded subset C in E. Since the pair (E1, E2) satisfies property (BB), by [21]
there exist bounded subsets Bi ⊂ Ei, i = 1, 2 such that C ⊂ Γ(B1 ⊗ B2) := B.
Now find complementary subspaces Xi, Yi in Ei, i = 1, 2 with Xi are Banach spaces
such that Bi ⊂ Xi + εiUin ∩ Yi, i = 1, 2. Consider an arbitrary z ∈ B which is
represented by z = b1 ⊗ b2 where bi ∈ Bi. Let us rewrite bi = xi + yi for which
xi ∈ Xi and yi ∈ Yi. Then,
b1 ⊗ b2 =(x1 + y1)⊗ (x2 + y2)
=(x1 ⊗ x2) + (y1 ⊗ y2) + [(x1 ⊗ y2) + (y1 ⊗ x2)](2.1)
=(x1 ⊗ x2) + (y1 ⊗ y2) + t,
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where t ∈ X1⊗ (ε2U2n ∩Y2)+ (ε1U1n ∩Y1)⊗X2 := Tε. We immediately reach that
x1 ⊗ x2 ∈ X1⊗̂piX2 := X since Xi are Banach spaces. y1 ⊗ y2 ∈ (ε1U1n ∩ Y1) ⊗
(ε2U2n ∩ Y2) ⊂ (ε1ε2(U1n ⊗ U2n)) ∩ (Y1 ⊗ Y2) ⊂ ε1ε2U ∩ Y , where Y := Y1 ⊗ Y2.
For any t = α+ β ∈ Tε, consider
pu(t) = pu(α+ β) = pu
 n∑
j=1
aj ⊗ bj +
m∑
k=1
ck ⊗ dk

≤ pu
 n∑
j=1
aj ⊗ bj
 + pu
(
m∑
k=1
ck ⊗ bk
)
=
n∑
j=1
pu1n(aj)pu2n(bj) +
m∑
k=1
pu1n(ck)pu2n(dk)
≤ nε1
n∑
j=1
pu1n(aj) +mε2
m∑
k=1
pu2n(dk) = ε,
where a ∈ X1, b ∈ εU2n ∩ Y2, c ∈ εU1n ∩ Y1, d ∈ X2, ε1 = ε2n·∑j |aj |
, and ε2 =
ε
2m·
∑
k
|dk|
. So every bounded subset of E is small up to a complemented Banach
subspace. For the exact SCBS property, consider the decomposition of Ei by Ei =
Xi+Yi where the sum is topological by assumption. Then, there is a unique linear
homeomorphism defined on (X1+Y1)⊗̂pi(X2+Y2) into X+Y +X1⊗̂piY2+Y1⊗̂piX2
so that the Banach space X is complemented in E where Y +X1⊗̂piY2 + Y1⊗̂piX2
is its topological complement. Furthermore, by (2.1)
C ⊂ Γ(B1 ⊗B2) ⊂X + ε1ε2U ∩ Y +X1 ⊗ (ε2U2n ∩ Y2) + (ε1 ∩ Y1)⊗X2
⊂X + ε1ε2U ∩ Y + ε2U2n ∩ (X1⊗̂piY2) + ε1U1n ∩ (Y1⊗̂piX2).
Therefore, E has SCBS property. 
Theorem 1 makes it possible to restate [8, Theorem 7] which originally assumes
that E is a Köthe space.
Corollary 1. Let E := E1⊗̂piE2 for the pair of Fréchet spaces (E1, E2) satisfying
property (BB), where each Ei has SCBS property. Suppose that T : E → E is a
bounded operator. Then there exist complementary subspaces Xi and Yi of Ei such
that
1. X := X1⊗̂piX2 is a Banach space,
2. if πY and iY are the canonical projection onto Y and embedding into E, re-
spectively, then the operator 1Y − πY T iY is an automoprhism on Y , where
Y := Y1⊗̂piY2.
3. Some normability conditions
3.1. Countable normability. Let E be a Fréchet space which admits a contin-
uous norm, so that its topology can be defined by an increasing sequence (‖ · ‖n)
of norms. Let En denote E equipped with the norm ‖ · ‖n only, and let Ên be the
completion of En. The identity map In+1 : En+1 → En has a unique extension
often called the canonical extension φn+1 : Ên+1 → Ên. E is said to be countably
normed if the system (‖ · ‖n) can be chosen in such a way that φn is injective.
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The notion of countable normability played a crucial role in constructing the first
example of a nuclear Fréchet space which fails the bounded approximation property.
Proposition 1. Let E and F be countably normable Fréchet spaces. Then, E⊗̂piF
is countably normable.
Proof. Since E and F are Fréchet spaces, one has E = proj limnEn and F =
proj limm Fm. By [13, Theorem 15.4.2], E⊗̂piF ≃ proj lim(n,m)En⊗̂piFm. Let
(pk(·)) and (qm(·)) be the sequences of norms giving the topologies of E and F ,
respectively. Since each norm is tensor stable, the system ((pk ⊗ ql)(k,l)) gives the
topology of E⊗̂piF . By countable normability, each of the canonical extensions
φn+1 : Ên+1 → Ên and ϕm+1 : F̂m+1 → F̂m is injective. Then, φn+1⊗̂piϕm+1
is injective. But the latter is the canonical extension of the identity map defined
on (E⊗̂piF )(n+1,m+1), which is E⊗̂piF equipped with the norm pn+1 ⊗ qm+1, into
(E⊗̂piF )(n,m). Therefore, E⊗̂piF is countably normed. 
3.2. The property (y). A lcs E is said to have property (y) if there is a neigh-
borhood U1 ∈ U (E) such that
E′ =
⋃
U∈U (E)
E′[U◦1 ] ∩ U
◦
〈E′,E〉
.
Condition (y) was introduced by Terzioğlu and Önal [22] in connection with exis-
tence of nuclear Köthe quotients for a Fréchet space. Condition (y) implies that
E′[U◦1 ] is dense in E
′ and hence pu1 is a continuous norm on E. The converse is
also true if E has the bounded approximation property. Every Köthe space which
admits a continuous norm satisfies (y). If F is a Fréchet space, then the property
(y) is strengthened [18, Lemma 1]: A Fréchet space F satisfies (y) iff it has a base
of neighborhoods (Un) such that for each k there is an m with U◦k ⊂ E
′[U◦1 ] ∩ U
◦
m.
For a given lcs E and a fixed p, consider the system of seminorms ‖x‖(p)q :=
sup{|t(x)| : |t|∗q ≤ 1, |t|
∗
p < ∞, q ≥ p}. τ
(p)
E is the topology on E generated by this
system. This topology is Hausdorff iff | · |p is a norm. E is called locally closed
if τ (p)E coincides with the original topology of E for some p. For a Fréchet space,
satisfying property (y) is equivalent to local closedness [25, Lemma 2.1]. By [18,
Proposition 4.a], L(E,F ) = LB(E,F ) if F satisfies (y) and E satisfies the negation
of the property (*) of Bellenot-Dubinsky [3]. If F is a (FS)-space, then condition
(y) is equivalent to being a subspace of ℓ∞⊗̂piλ(A), where λ(A) is a nuclear Köthe
space [25].
Proposition 2. Let (E1, E2) be a pair of Fréchet spaces with property (y). Then,
E := E1⊗̂piE2 satisfies (y).
Proof. Let Ei, i = 1, 2 be Fréchet spaces satisfying (y) with bases of neighborhoods
(Uin). Then, for every k there is p such that
U◦ik ⊂ E
′
i[U
◦
i1] ∩ U
◦
ip, i = 1, 2.
Take arbitrary zi ∈ U◦ik. Since Ei has property (y), E
′
i[U
◦
i1] is dense in E
′
i. So there
exists zin ∈ E′i[U
◦
i1] such that
|zi(xi)− zin(xi)| ≤
1
n
puip(xi), xi ∈ Ei.
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So zin ∈ (1 + 1n )U
◦
ip ⊂ 2U
◦
ip. Hence
U◦ik ⊂ E
′
1[U
◦
i1] ∩ 2U
◦
ip,
which implies the inequality
puik(xi) ≤ 2‖xi‖
(ip)
iq , xi ∈ Ei.
where ‖x‖(ip)iq = sup{|t(x)| : |t|
∗
q ≤ 1, |t|
∗
p <∞, iq ≤ ip, i = 1, 2}. Then,
pu1k ⊗ pu2k(x1 ⊗ x2) ≤ 4 ‖x1 ⊗ x2‖
(p)
q ,
for Up = Γ(U1p ⊗ U2p) and Uq = Γ(U1q ⊗ U2q). So one has
n∑
j=1
pu1k ⊗ pu2k(x1j ⊗ x2j) ≤ 4
m∑
l=1
‖x1l ⊗ x2l‖p.
Hence
puk(z) ≤ 4 ‖z‖
(p)
q , z ∈ E,
where Uk = Γ(U1k ⊗ U2k). The latter means that τ
(p)
E coincides with the original
topology of E. So E is locally closed. Equivalently, E has property (y). 
Proposition 2 directly yields that local closedness is also stable under projective
tensor product.
3.3. Asymptotic normability. A lcs E is called asymptotically normable if there
is a neighborhood U1 ∈ U (E) such that for each V ∈ U (E) there is a W ∈ U (E)
so that for every ε > 0 one can find M > 0 with
pv(x) ≤M pu1(x) + ε pw(x).
The class of asymptotically normable Fréchet spaces was introduced and investi-
gated by Terzioğlu and Vogt in [23]. Asymptotically normable spaces are considered
as a natural counterpart of quasinormable spaces introduced by Grothendieck [12].
It is the smallest class of Fréchet spaces which contains the nuclear Köthe spaces
with continuous norm. For a Fréchet space, asymptotic normability =⇒ property
(y) =⇒ countable normability [18].
Proposition 3. Let E and F be asymptotically normable Fréchet spaces. Then,
E⊗̂piF is asymptotically normable.
Proof. Fix U1 ∈ U (E⊗̂piF ) and let V ∈ U (E⊗̂piF ) be arbitrary such that V =
Γ(V1 ⊗ V2) for which V1 ∈ U (E) and V2 ∈ U (F ). For every ε1 > 0 and ε2 > 0,
find M,N > 0 and W1 ∈ U (E), W2 ∈ U (F ) such that for z = x ⊗ y with x ∈ E
and y ∈ F admitting the representation
∑n
i=1 xi ⊗ yi,
pv(z) ≤ pv1(x) pv2 (y)
≤M pu11(x) ·N pu12(y) + ε1ε2 pw1(x) pw2 (y)+
+M pu11(x) · ε2 pw2(y) +N ε1 pw1(x) pu12(y)
= M ·N pu11 ⊗ pu12(x⊗ y) + ε1ε2 pw1 ⊗ pw2(x⊗ y)+
+ ε2 ·M pu11 ⊗ pw2(x⊗ y) + ε1 ·N pw1 ⊗ pu12(x⊗ y),
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where U1 = Γ(U11⊗U12). Choosing pw(·) = max{pw1,w2(·), pu11,w2(·), pw1,u12(·)} is
possible, since the topology of E⊗̂piF is given by an increasing system of seminorms.
Hence,
pv(z) ≤ Qpu(z) + (ε1ε2 + ε) pw(z),
for Q = M · N , ε1 = ε2N , and ε2 =
ε
2M . Therefore E⊗̂piF is asymptotically
normable.

4. Equivalence of operator classes
An operator T : E → F is called bounded if there exists a zero neighborhood
U of E such that T (U) ⊂ F is a bounded set. As we mentioned before, we denote
L(E,F ) = LB(E,F ) if every operator defined on E into F is bounded. In [27],
it was shown that there exist pairs of wide classes of Köthe spaces (X ,Y) such
that L(E,F ) = LB(E,F ) for E ∈ X and F ∈ Y. Vogt [24] gave a complete
characterization of this relation for the general case of Fréchet spaces. Bonet [5]
also studied this relation deeply in terms of lcs’s. In [7] his results were extended
and applied to the interchangibility of inductive limits and projective and inductive
tensor products. In the following proposition we discuss the stability of this relation
under projective tensor product.
Proposition 4. For i = 1, 2, let (Ei, Fi) be pairs of Fréchet spaces with L(Ei, Fi) =
LB(Ei, Fi). Then, L(E,F ) = LB(E,F ) for E = E1⊗̂piE2 and F = F1⊗̂piF2.
Proof. Let there exist an operator T : E → F failing to be bounded. T = T1⊗̂piT2
for Ti : Ei → Fi, i = 1, 2. Then for every zero neighborhood U ∈ U (E) there exists
a zero neighborhood Vu ∈ U (F ) so that for every C > 0
(4.1) pvu(Tz) > C pu(z), ∃z ∈ E.
By assumption, each Ti is bounded. Hence there exist zero neighborhoods Uiv ∈
U (Ei) so that for every zero neighborhood Vi ∈ U (Fi) there exists C′ > 0 such
that
pv1(T1x) pv2(T2y) ≤ C
′ pu1v (x) pu2v (y), ∀x ∈ E1, ∀y ∈ E2,
Then by [15, 41.2.8],
pv1 ⊗ pv2(T1x⊗ T2y) ≤ C
′ pu1v ⊗ pu2v (x ⊗ y)
for every x ∈ E1 and every y ∈ E2. Hence,
n∑
k=1
pv1 ⊗ pv2(T1xk ⊗ T2yk) ≤ C
′
m∑
j=1
pu1v ⊗ pu2v (xm ⊗ ym),
which is equivalent to
(4.2) pv(Tz) ≤ C′ puv (z), ∀z ∈ E,
where V = Γ(V1 ⊗ V2) belongs to U (F ). But then, (4.2) contradicts (4.1). 
A pair of lcs’s (E,F ) is said to have the localization property if an equicontinuous
set A in L(E,F ) is equibounded. In [24, 1.2] it is proved that the pair of Fréchet
spaces (E,F ) has localization property iff L(E,F ) = LB(E,F ). By Proposition 4,
it is immediate that the localization property is tensor stable for Fréchet pairs.
An operator between lcs’s is called strictly singular if it is not invertible on any
subspace. This class of operators contains that of compact operators. Kato [14]
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introduced strictly singular operators in connection with perturbation theory of
Fredholm operators (open mappings with finite dimensional complemented kernel
and finite codimensional closed range). We denote LB(E,F ) = Ls(E,F ) if every
bounded operator defined on E into F is strictly singular. This phenomenon was
essential in the isomorphic classification of power series spaces as illustrated in [9]. It
is also a sufficient condition for the problem whether the sum of two complemented
subspace of a lcs is also complemented. The following result is on the tensor stability
of this relation.
Proposition 5. For i = 1, 2, let (Ei, Fi) be pairs of Fréchet spaces with LB(Ei, Fi) =
Ls(Ei, Fi). Then, LB(E,F ) = Ls(E,F ) for E = E1⊗̂piE2 and F = F1⊗̂piF2.
Proof. Let there exist a non-strictly singular operator T : E → F with T = T1⊗̂piT2
for Ti : Ei → Fi, i = 1, 2. Then one can find M ≤ E with M ≃ K ⊗N for K ≤ E1
and N ≤ E2 such that T is invertible on M , that is, for every zero neighborhood
U ∈ U (E) there exists a zero neighborhood VU ∈ U (F ) and C′ > 0 such that
(4.3) pu(z) ≤ C′ pvu(Tz), ∀z ∈M.
On the other hand, Ti cannot be invertible onK andN by strict singularity assump-
tion. Thus, there exists neighborhoods U ′i ∈ U (Ei) such that for every Vi ∈ U (Fi)
and for each C > 0
pu′
1
(x) pu′
2
(y) > C pv1(T1x) pv2(T2y), ∃x ∈ K, ∃y ∈ N.
Then,
pu′
1
⊗ pu′
2
(x⊗ y) > C pv1 ⊗ pv2(T1x⊗ T2y)
for some x ∈ K and y ∈M . Hence one has
n∑
k=1
pu′
1
⊗ pu′
2
(xk ⊗ yk) > C
m∑
j=1
pv1 ⊗ pv2(T1xm ⊗ T2ym),
which is equivalent to writing
pu′(z) > C pv(Tz), ∃z ∈M.
where U ′ = Γ(U ′1 ⊗ U
′
2) is a zero neighborhood in E. But that contradicts (4.4).
So T is strictly singular. 
In the next proposition, it is possible to observe that this relation is even pre-
served when it is only satisfied by one of the pairs.
Proposition 6. Let (Ei, Fi), i = 1, 2 be pairs of Fréchet spaces such that LB(E1, F1) =
Ls(E1, F1). Then, LB(E,F ) = Ls(E,F ) for E = E1⊗̂piE2 and F = F1⊗̂piF2.
Proof. Let T : E → F be a non-strictly singular operator with T = T1⊗̂piT2.
Retaining the notation and flow in Proposition 5,
(4.4) pu(z) ≤ C′ pvu(Tz), ∀z ∈M.
On the other hand, since we only deal with bounded operators, there exists a zero
neighborhood U ′2 ∈ U (E2) such that for every zero neighborhood V2 ∈ U (F2) there
exists C2 > 0 with
C1 pu′
2
(y) ≥ pv2(T2y), ∀y ∈ N.
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Since L(E1, F1) = Ls(E1, F1), for every V1 ∈ U (F1) there exists U ′1 ∈ U (E1) and
C1 > 0 such that
pu′
1
(x) > C1 pv1(T1x), ∃x ∈ K.
Then,
pu′
1
⊗ pu′
2
(x⊗ y) >
C1
C2
pv1 ⊗ pv2(T1x⊗ T2y), ∃x ∈ K, ∀y ∈ N.
This implies
n∑
j=1
pu′
1
⊗ pu′
2
(xj ⊗ yj) >
C1
C2
m∑
k=1
pv1 ⊗ pv2(T1 ⊗ T2(xk ⊗ yk)), ∃x ∈ K, ∀y ∈ N,
which means
pu′(z) > C pv(Tz), ∃z ∈M.
But that contradicts (4.4). 
The following two lemmas were previously announced by the second author [19].
Lemma 1. Let P and Q be two continuous linear projections acting in a lcs E.
Suppose M1 and M2 are complemented subspaces of P (E) such that the restriction
PQ|M1 is an isomorphism onto M2. Then M1 + (I −Q)(E) is also complemented
in E.
Proof. Let R2 denote a continuous linear projection onto M2 and A = PQ|M1 .
Define the continuous projection P2 : E → E by P2 = A−1R2PQ. It can be verified
that P2P2 = P2, P2(E) = M1 and (I −Q)(E) ⊂ (I − P2)(E). Since (I −Q)(E) is
complemented in (I − P2)(E) and P2(E) = M1 it follows that M1 + (I −Q)(E) is
complemented in E. In fact P2 + (I −Q)(I − P2) is a continuous linear projection
onto M1 + (I −Q)(E). 
Lemma 2. Let E be a lcs, and let X and Y be complemented subspaces of E such
that LB(X,Y ) = Ls(X,Y ). Then X + Y is complemented in E.
Proof. Let P : E → X and Q : E → Y be continuous projections. Then rewriting
I|P (E) = PQ|P (E)+P (I−Q)|P (E) and regarding the assumption that every bounded
operator defined on X into Y is strictly singular, we deduce that P (I − Q)|P (E)
is a Riesz-type operator [26]. Then PQ|P (E) is a Fredholm operator. So there are
finite codimensional (so complemented) subspaces M1 and M2 of P (E) such that
PQ|M1 is an isomorphism onto M2 and the complementedness of M1 + (I −Q)(E)
follows by Lemma 1. P (E)+(I−Q)(E) is the sum of a finite dimensional subspace
and the closed subspace M1 + (I − Q)(E) hence it is closed. Since E is locally
convex, P (E)+ (I −Q)(E) is complemented in E [20, Lemma 2.6]. X = P (E) and
Y = (I −Q)(E) so the proof is completed. 
Corollary 2. Let Ei, i = 1, 2 be Fréchet spaces. Suppose that Xi and Yi are com-
plemented subspaces of Ei such that LB(X1, Y1) = Ls(X1, Y1). Then X1⊗̂piX2 +
Y1⊗̂piY2 is a complemented subspace of E := E1⊗̂piE2.
Proof. Let Pi : Ei → Xi and Qi : Ei → Yi be continuous projections. Then by
[13, Proposition 15.2.3], the operators P := P1⊗̂piP2 and Q := Q1⊗̂piQ2 where
P : E → X and Q : E → Y for which X = X1⊗̂piX2 and Y = Y1⊗̂piY2 are
continuous projections so X and Y are complemented in E. By Proposition 6,
LB(X,Y ) = Ls(X,Y ). Hence the result follows from Lemma 2. 
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